In this paper we study the topology of the cobordism category S oc of open and closed strings.
Introduction
As described by Segal [7] , in a conformal field theory one associates to a closed 1-dimensional manifold S a Hilbert space H S , and to a 2-dimensional cobordism Σ between closed 1-manifolds S 1 and S 2 , an operator ϕ Σ : H S1 → H S2 . This operator depends on the conformal class of a metric on the surface Σ. Such a field theory can be viewed as a representation of the category S whose objects are closed 1-manifolds, and where the space of morphisms from S 1 to S 2 is the moduli space of conformal classes of metrics (i.e Riemann surfaces) on cobordisms from S 1 to S 2 .
In [8] U. Tillmann described S as a 2-category, whose objects are nonnegative integers, corresponding to the number of components in the closed 1-manifold, the 1-morphisms between m and n are cobordisms between a disjoint union of m-circles and a disjoint union of n-circles, and whose 2-morphisms are diffeomorphisms of the cobordisms that are fixed on the boundary. She constructed S as a symmetric monoidal 2-category, and with a clever argument using the Harer stability theorem, she proved that there is a homotopy equivalence
Here |S | is the bisimplicial geometric realization (classifying space) of the category S , and Ω|S | is its based loop space. BΓ + ∞ is Quillen's plus construction on the classifying space of the stable mapping class group,
where Γ g,n is the mapping class group of surfaces of genus g with n boundary components. Since S is a symmetric monoidal category this result established BΓ + ∞ as an infinite loop space. This result indicated the important role of infinite loop space theory in studying the stable mapping class group, and it eventually led to Madsen and Weiss's proof of a generalization of a conjecture of Mumford [3] , saying that there is an equivalence of infinite loop spaces
Here Ω ∞ CP ∞ −1 is the zero space of the stunted projective spectrum CP ∞ −1 , which is defined to be the Thom spectrum of minus the canonical line bundle L → CP ∞ , CP
The purpose of this paper is to generalize Tillmann's results to the category S In practice, D-branes are often equipped with bundles and connections, but we will not be concerned with this additional structure in this paper.
In order to encode the additional information the presence of D-branes imposes, we consider an abstract finite set B which is meant to index the set of D-Branes in the background manifold M , and we define the objects of S oc B to be compact 1-manifolds (unions of circles and intervals) where each interval has its boundary points labeled by an element of B. These labels are meant to represent the boundary values of maps from these intervals.
The 1-morphisms in this category will be "open-closed cobordisms." These are cobordisms between the compact manifolds with boundary that respect the boundaries of the compact onemanifolds (in the sense that the cobordisms restrict to give ordinary cobordisms of the boundaries of the 1-manifolds), as well as the labeling by elements of B. In other words, the boundary of an open-closed cobordism is partitioned into three parts:
1. the "incoming part," consisting of a number of circles and intervals, whose boundaries are labeled by elements of B, 2. the"outgoing part" of the same type, and, 3. the "free boundary," which is itself a cobordism between the boundaries of the incoming and outgoing parts. Each connected component of the free boundary is labeled by an element of B, which respects the labeling of the boundaries of the incoming and outgoing parts.
Finally, the 2-morphisms are diffeomorphisms of the cobordisms that respect all of this structure.
To state our main result, we intoduce some notation. Let F g,n be an oriented surface of genus g with n boundary components. Let m be a fixed, finite set of points in F g,n . The set m is partitioned into subsets indexed by B,
We think of the subset m b as those points in the set m that are "colored" by the element b ∈ B.
Let Diff(F g,n , m, ∂) be the group of orientation-preserving diffeomorphisms of F g,n that fix the boundary pointwise and preserve each of the sets m b for b ∈ B. Let Γ m g,n = π 0 Diff(F g,n , m, ∂) denote the corresponding mapping class group.
Let BΓ B ∞,n be the colimit of the classifying spaces, lim − →g,m BΓ m g,n . Here we are taking the limit over the genus g and the sets m, which are partially ordered by inclusion. In this limit, the cardinality of each subset m b tends to infinity. The following is the main theorem of this paper. 
For any n there is a homology equivalence
Here |B| is the cardinality of the set B.
There is a homotopy equivalence of infinite loop spaces,
where, as usual, X + denotes X with a disjoint basepoint and
The paper is organized as follows. In Section 1 we define the notion of open-closed cobordism carefully and define the category S oc corresponding to the case when there is only one D-brane.
That is, the set B consists of one element. This simplifying assumption will allow us not to be concerned with the labeling of the boundaries of the 1-manifolds. In this section we also show that the category S oc has a symmetric monoidal structure. As the reader will see, our constructions are direct generalizations of those of Tillmann [8] , [9] . However the objects in our category will have to be stratified in a rather delicate way, in order to keep track of the boundary configurations in the cobordisms. In Section 2 we adapt Tillmann's argument involving Harer stability to prove part 2 of Theorem 1 when there is only one D-brane. In this setting, part 3 of Theorem 1 will follow immediately from part 2 using the Madsen-Weiss theorem [3] , and a result of Bödigheimer and Tillmann [1] which we review. In Section 3 we describe the necessary modifications to prove Theorem 1 for a general set B of D-branes.
1 Open-closed cobordisms and the category S oc .
We begin by defining the notion of an open-closed cobordism.
oriented surface Σ, together with a choice of subsets 
The sets ∂ − Σ, ∂ + Σ, ∂ f Σ are called the incoming, outgoing, and free boundaries, respectively. We
Given two such cobordisms Σ 1 and Σ 2 , we say that they are isomorphic if there exists an orientation-preserving diffeomorphism ϕ :
Denote the space of such isomorphisms by Diff
be the set of elements of Diff
We now go about defining the category of open and closed strings. Actually there will be several versions of this category which will have different applications.
The objects in such a category are essentially diffeomorphism classes compact 1-manifolds, which may or may not have boundary. Such a manifold is diffeomorphic to a disjoint union of circles and intervals. However, as we will see below, the order of these manifolds, and even various groupings of the intervals, will be important. So we will define a "general object" to be a sequence of diffeomorphism classes of circles and intervals, which we enumerate by sequences of zeros and ones (standing for the circles and intervals, respectively).
Definition 2.
A general object is a sequence n = (n 1 , . . . , n k ), where n i ∈ {0, 1} . The length of the sequence k can be an arbitrary nonnegative integer. Each such tuple n stands for a one-dimensional with ∂ − Σ = C n × {0} and ∂ + Σ = C m × {t} for some t > 0. In addition, we require that:
1. ∂ ± Σ has a collar, in such a way that for some µ > 0 we have The first condition in the definition of general morphism allows us to define compositions in the following way. Given
The orthogonal projection in the t-direction is a Morse function on the interior of Σ.

The same projection is a Morse function when restricted to
as the union of Σ 1 with the result of translating Σ 2 by t 1 in the t-direction. This clearly yields an associative composition.
The categories of open and closed strings we will consider will actually be 2-categories. We therefore need the following definition.
Definition 3. Given Σ 1 and Σ 2 general morphisms from n to m, we define the space of general 2-morphisms, 2-Mor gen (Σ 1 , Σ 2 ) = ∅ unless Σ 1 and Σ 2 are isomorphic, in which case we define
where we identify collars of the target 1-manifolds of Σ 1 and Σ 2 by a suitable linear scaling in the z direction.
Notice that by composition of diffeomorphisms, for each pair of general objects n and m, we have a category S oc gen ( n, m) of general morphisms and 2-morphisms. Furthermore, composition of morphisms defines functors
which together define a 2-category S oc gen with objects, 1-morphisms, and 2-morphisms given by the general objects, general morphisms, and general 2-morphisms defined above.
We now define certain partitions associated to our general objects. We do this by considering a connected open-closed cobordism (general morphism) Σ from n to (0). Here the general object (0) is a sequence of length one and corresponds to a single circle.
Let ∂ I Σ be the set of those connected components of ∂ ± Σ which are intervals. In the case we are considering all of ∂ I Σ lies in the incoming part, ∂ − Σ, and are in bijection with the "1" entries in the sequence n. Notice that the cobordism Σ defines a partition of ∂ I Σ into subsets consisting of those intervals that lie in the same path component of the boundary, ∂Σ.
We describe this combinatorially as follows. Notice that different open-closed cobordisms Σ from n to (0) can define the same permutation σ ∈ S α( n) , and that every element of the symmetric group can arise in this way.
We now define how open boundary permutations on n may be pulled back by a general morphism Σ m, n from m to n. We leave it as an easy exercise for the reader to check that this notion of pullback is well-defined.
Next, we define a 2-category S 
morphisms replaced by its set of connected components, the mapping class groups which we denote by Γ(Σ 1 , Σ 2 ; ∂ ± ). We refer to [9] for a treatment of the relevant quotient construction on 2-categories.
The following result is immediate. Now we describe a pairing on S oc D which is not well-defined, nor associative, nor functorial. However, this pairing will descend to a symmetric monoidal structure on a subquotient of S oc Γ .
Given n 1 , n 2 ∈ Ob(S oc D ), define n 1 ⊗ n 2 to be the juxtaposition of the two tuples with n 1 followed by To make this pairing into a strictly associative bifunctor, we will make an identification among surfaces. As described for the closed case [9] , we will identify two surfaces in S oc D ( n, m) if they are related by a sequence of moves of the same types as those described in Section 3 of [9] . We describe these moves next.
be a smooth open-closed cobordism, and pick n planes P k = R 2 × {t k } where 0 < t 1 < · · · < t n < t, in such a way that each of the sets Σ 0 , . . . , Σ n into which the planes divide Σ is itself a smooth open-closed cobordism between 1-manifolds Σ ∩ P k and Σ ∩ P k+1 . Here,
Let the connected components of Σ k be Σ k,i , i = 1, . . . , j k . Allow each Σ k,i to be independently transformed by a sequence of operations of the following two types, as long as the resulting images Σ k,i are pairwise disjoint:
• R-move (Rescaling the height): This is an operation of the form R k,i (x, y, z) = (x, y, r k,i (z))
] is a diffeomorphism with derivative one on a neighborhood of ∂[t k , t k+1 ]. This rescales the height of all the connected components of Σ k to make it lie in R 2 × [t k ,t k+1 ]; the slices Σ k+1 , . . . , Σ n are understood to be translated byt k+1 − t k+1 in the z direction.
• S-move (Shifting parallel to the xy-plane): This is an operation of the form We omit the proof of this theorem, which is a formal argument using the following lemma, proceeding exactly as the proof of Theorem 3.3 in [9] . Proof. The argument is the same as the one in [9] for the closed case. One argues, from the form of the allowable moves, that for Σ connected, any ϕ ∈ E(Σ) must fix each critical point of the t-axis projection, and hence that ϕ fixes pointwise the subset S of the union of the critical level sets which consists of those connected components containing a critical point. Since the complement of S in Σ is a union of cylinders over closed 1-manifolds with boundary, the result follows because the Rand S-moves cannot twist these cylinders. For Σ not connected but lying in S oc,b D , the argument goes through because the condition that no connected component of Σ is a cobordism to the empty 1-manifold guarantees that S-moves cannot swap two connected components of Σ.
As in [9] , given a 2-category C , we denote by BC the category enriched over topological spaces in which Ob(BC ) = Ob(C ) and BC (x, y) equals the realization of the category C (x, y). We will use |C | to denote the bisimplicial realization BBC of the nerve of BC .
For the remainder of the paper, we ease the notation and let the category of open and closed strings, S oc , be the the category S oc,b Γ above. The following is an immediate consequence of theorem 3 using Segal's well known relationship between symmetric monoidal structures on a category and infinite loop structures on its classifying space [5] .
Theorem 5. The classifying space of the category of open and closed strings, |S oc |, is an infinite loop space.
2 The homology type of the category S g,n , ∂)) be the corresponding mapping class group. We consider the colimits of the classifying spaces as g and m increase,
The main goal of this section is to prove the following two results.
Theorem 6. For each n there is a homology equivalence,
α : Z × Z × BΓ (∞) ∞,n ∼ =H * − −− → ΩBS oc .
Theorem 7. For each n there is a homotopy equivalence
where the superscript "+" refers to the Quillen plus construction with respect to the maximal perfect subgroup of the fundamental group.
As we will see below, theorem 7 follows quickly from a splitting theorem for stable mapping class groups due to Bödigheimer and Tillmann [1] , and Madsen and Weiss's proof of the stable Mumford conjecture. So most of this section will be devoted to the proof of Theorem 6. We remark that if we had not fixed a boundary permutation σ ∈ S α( n) , then the isomorphism type of a connected open-closed cobordism Σ from n to (0) would be determined by three invariants: its genus, the number of windows, and the boundary permutation σ(Σ) ∈ S α( n) .
. The connected components of the topological boundary of Σ ( m,τ ),( n,σ) , and the action of ϕ on them, are given as follows:
1. There are the circle components of the incoming and outgoing boundary. By definition, these are fixed pointwise by ϕ.
2. There are w windows, i.e., circle components of the free boundary. These are only fixed by ϕ as a set. It follows that ϕ is isotopic to a diffeomorphism of the corresponding surface with punctures replacing the "windows". By a "puncture" we mean a point that has been removed from the surface, where in the case of a "window", an open disc has been removed from the surface. Such a diffeomorphism may permute these punctures.
3. Call the components of the topological boundary ∂Σ ( m,τ ),( n,σ) that contain at least one incoming or outgoing interval "mixed" boundary components. Since ϕ fixes each of the incoming and outgoing boundaries pointwise, it follows that ϕ restricts to a self-diffeomorphism on each of the mixed components. Moreover, since each of these diffeomorphisms fixes a whole interval, ϕ is isotopic to a diffeomorphism that fixes each of the mixed components pointwise.
From this description, we have that that By gluing T on the outgoing boundary and extending isomorphisms by the identity, we obtain a functor from S oc (( n, σ), (0)) to itself, and hence a map
Let BS oc ∞ (( n, σ)) be the homotopy colimit of the system
Notice that in the statement of this lemma, the two copies of Z reflect the genus and the number of windows.
This definition of extends to a contravariant functor BS oc ∞ from BS oc to spaces, since, clearly, a morphism ψ from ( n, σ) to ( m, τ ) defines a pull back map
which in view of Lemma 9 is homotopic to the gluing map
But Harer's stability theorem, as adapted by Bödigheimer and Tillmann [1] to the setting of infinitely many punctures, implies that each such gluing map is a homology isomorphism. By the generalized group completion theorem ( [4] , [8] ) this implies the following. Theorem 11. There is a homotopy equivalence,
where S k is the symmetric group on k letters and S k ≀ S 1 is the corresponding wreath product.
We remark that in this theorem (BΓ ∞ ) + reflects (BΓ ∞,n ) + for any n, since as argued in [1] , an easy consequence of Harer's stability theorem is that the homotopy type of the plus construction of the classifying space of the stable mapping class group does not depend on how many (fixed) boundary components there are.
For the sake of completeness, we give a sketch of the proof of this theorem. We refer the reader to [1] for details. The idea is to consider the central extension
which gives rise to a map θ : Γ
Here GL + stands for matrices having positive determinant. The map θ can be viewed as taking a representative diffeomorphism of a surface with n marked points, ϕ :
− → F , and considering the derivatives, Dϕ x1 :
By fixing framings at the marked points, these can be viewed as elements of GL + (2, R).
In the mapping class group Γ (n)
∞ , the representative diffeomorphisms can permute the marked points among themselves, and therefore one has a map
which yields a fibration sequence
By forgetting marked points, one has a forgetful map ϕ : BΓ (n)
∞ → BΓ ∞ so that the composite, BΓ ∞,n → BΓ (n) ∞ ϕ − → BΓ ∞ is a homology isomorphism by Harer's stability theorem [2] . Therefore, ϕ induces a homology equivalence between this fibration and the trivial fibration,
Upon applying Quillen's plus construction, this homology equivalence becomes a homotopy equivalence, and Theorem 11 follows.
Now the classifying space B(S
k , and the classical result of Barratt-Quillen-Priddy is that when one takes the colimit over k, there is a homology equivalence
Passing to the Quillen plus construction we therefore have the following:
Corollary 12. There is a homotopy equivalence
Now recall Madsen and Weiss's theorem, proving a generalization of Mumford's conjecture on the cohomology of the stable mapping class group.
Theorem 13. There is a homotopy equivalence
of infinite loop spaces.
Combining Theorem 6, Corollary 12, and Theorem 13, we obtain Theorem 7.
Using more D-branes
Observe that taken together, Theorems 6 and 7 of the last section imply the main Theorem 1 in the case that the the set of D-branes B consists of only one element. In this section we consider the case when we have a finite set of D-branes B, and we describe the necessary modifications of the arguments in the last section needed to prove Theorem 1 in this general setting.
In the presence of a set B of D-branes, we define our general objects to be disjoint unions of circles and intervals, but now each interval has its boundary components labeled by D-branes. That is, we have the following definition.
Definition 7. Given a finite set B, a B-general object is a sequence n = (n 1 , · · · , n k ) where each n i ∈ {0, 1}, together with a labeling function of the boundary of the intervals of C n ,
We similarly define a B-general morphism to be an open closed cobordism that respects the labeling functions. 
. By "labeled cobordism" we mean that the labeling functions are compatible. That is,
is equal to the restriction of β Σ to the boundary,
As we did in section 1, we need to stratify the objects further by considering "open boundary permutations." Namely, we observe that if (Σ, β Σ ) is a B-general morphism between ( n, β) and (0) 
The proof of Theorem 3 then gives the following generalization. Finally we notice that Theorems 16 and 17 together are equivalent to the statement of Theorem 1.
